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IDENTIFYING EQUILIBRIUM MODELS OF LABOR MARKET SORTING

BY MARCUS HAGEDORN, TZUO HANN LAW, AND IOURII MANOVSKII1

We assess the empirical content of equilibrium models of labor market sorting based
on unobserved (to economists) characteristics. In particular, we show theoretically that
all parameters of the classic model of sorting based on absolute advantage in Becker
(1973) with search frictions can be nonparametrically identified using only matched
employer–employee data on wages and labor market transitions. In particular, these
data are sufficient to nonparametrically estimate the output of any individual worker
with any given firm. Our identification proof is constructive and we provide computa-
tional algorithms that implement our identification strategy given the limitations of the
available data sets. Finally, we add on-the-job search to the model, extend the identifi-
cation strategy, and apply it to a large German matched employer–employee data set
to describe detailed patterns of sorting and properties of the production function.
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1. INTRODUCTION

DOES THE MARKET ALLOCATE THE RIGHT WORKERS TO THE RIGHT JOBS? Are com-
plementarities between workers and employers important in determining output, pro-
ductivity, and wages? Do large employers pay higher wages because they employ better
workers? What are the sources of inter-industry wage differentials? What is the allocation
of workers to employers that maximizes total output? These classic questions are at the
heart of current debates in many areas of economics. In business cycle research, there is
an ongoing discussion on whether the slow productivity and employment recovery after
the Great Recession is due to the mismatch between human capital of unemployed work-
ers and skill requirements of potential employers. In the international trade literature,
researchers attempt to determine whether the wage premium of exporting firms is due to
them being more productive or having better workers, a question with important impli-
cations for understanding the effects of changes in trade regimes. The industry dynamics
literature is interested in the role of effective labor input reallocation across producers
for productivity dynamics at the micro level. Misallocation at the micro level is relevant
for the macro literature as it typically reduces total factor productivity with a potentially
important impact on, for example, income differences across time and across countries.
The enhanced focus on this role of resource misallocation represents one of the most
important recent developments in the economic growth literature.

It has been long recognized that to make progress in studying these issues, it is es-
sential to move the analysis beyond relying on the observable worker and firm attributes
that account for only some 30% of the observed variation in wages. This involves ex-
panding the scope of the analysis to include the study of assortative matching between
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workers and employers based on their unobservable characteristics, which account for
much of the remaining variation. These unobserved characteristics are typically associ-
ated, following the lead of Abowd, Kramarz, and Margolis (1999), with worker and firm
fixed effects in wages that are estimated using longitudinal matched employer–employee
data sets. Unfortunately, the literature has recently established that the key identifying
assumptions of this regression approach are inconsistent with the standard equilibrium
sorting models and that the worker and firm fixed effects identified using this methodol-
ogy have no economic interpretation in the context of these models.2 The key problem is
that the assumption underlying the fixed effect regression is that wages are monotone in
firm’s productivity (fixed effect). This is inconsistent with an explicit sorting model, where
a productive firm may agree to hire a relatively unproductive worker only if that worker
accepts a sufficiently low wage to compensate the firm for the option value of waiting for
a more productive potential hire.

Faced with the limitations of the fixed effect regression approach, one might hope that
an approach more firmly grounded in the theory of sorting models might prove more
fruitful. From the perspective of economic theory, a typical starting point for thinking
about assignment problems in heterogeneous agent economies is the model of Becker
(1973). In labor market applications, the current state-of-the-art formulation is due to
Shimer and Smith (2000), who extended the competitive framework in Becker (1973) to
allow for time-consuming search between heterogeneous workers and firms. This frame-
work is then a natural choice to answer the empirical questions motivating this research
agenda. However, the empirical content of this model is not well understood. As a con-
sequence, existing quantitative work on assortative matching in the labor market has to
rely on strong assumptions on technology to be able to take the model to the data. This
is problematic as it is these assumptions on technology that determine the patterns and
consequences of sorting in the model.

The first contribution of this paper is to theoretically prove nonparametric identifica-
tion of the model primitives, including the production function, from standard matched
employer–employee data on wages and labor market transition rates. In other words,
we establish that, from these data alone, one can recover the output of any observed
employer–employee match and the consequences for output, productivity, and wages of
moving any individual worker to any firm in the economy (subject to some limitations
that will be formally spelled out below). Importantly, the proof does not impose strong
assumptions on the production function but allows to infer its properties from the data.
Moreover, the proof is constructive and relies on statistics that are fairly easy to inter-
pret and to compute in the data. The second contribution of this paper is to develop an
implementation algorithm for the proposed identification strategy.

Our identification strategy consists of three main steps. First, we need to globally rank
workers. To accomplish this task, the literature typically relies on extremum statistics such
as workers’ highest or lowest observed wages that rank workers in theory. Given that
workers are observed being employed in only relatively few firms in the data and with a

2Gautier and Teulings (2006) were the first to establish this in a model of sorting based on comparative
advantage. This important class of models violates the underlying assumption of the fixed effect regression
that workers and firms are globally rankable. Eeckhout and Kircher (2011) later made an even stronger point.
They proved that even in a model of sorting on absolute advantage that allows for globally rankable workers
and firms, the worker and firm fixed effects in wages have no relationship to underlying productivities. These
theoretical insights have been confirmed quantitatively in a range of assortative matching models in Lopes de
Melo (2013), Lentz (2010), and Lise, Meghir, and Robin (2016), among others.
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plausible amount of measurement error in recorded wages, such statistics result in rela-
tively noisy rankings. The key insight we offer is that comparisons of worker wages with
wages of her coworkers, coworkers of her coworkers at other firms, etc., provide an enor-
mous amount of information that can be used to infer the accurate working ranking.
The precise way this information can be exploited is model-specific. However, as ranking
workers is the foundational step in identification of this class of models, exploiting this
information seems essential. The way we implement this idea in the Shimer and Smith
(2000) model is as follows. In this model, workers can be ranked based on their wages
within firms (potentially observed with an error). Workers who change firms provide links
between the partial rankings inside the firms they work at. This enables us to solve a
rank aggregation problem which effectively maximizes the likelihood of the correct global
ranking. This problem is equivalent to the problem of how to aggregate rankings of can-
didates submitted by voters in the social choice literature. These problems are extremely
computationally complex (they are NP-hard), but, fortunately, the computer science liter-
ature has recently made substantial progress in designing computational algorithms that
can efficiently approximate their solution. We draw on these advances in algorithm re-
search to develop a method that is fast and accurate for the applications we study.

The second key insight relates to ranking of firms. We show that the value of a vacant
job, or the surplus a vacancy is expected to generate, is increasing in its productivity. We
expect this property to hold in most empirically relevant models based on our empirical
findings reported below. Standard assumptions on wage determination imply that both
parties benefit from an increase in the match surplus. This implies that more productive
firms expect to deliver higher surplus to the workers they hire. To operationalize this in-
sight, we show that firms can be ranked based on the expected average difference between
the wages they pay to each of their workers and the reservation wages of those workers.
This is a simple statistic to compute, but it relies on having an accurate estimate of the
reservation wage for each worker, which might be difficult to obtain in short samples. The
ostensibly simple but crucial methodological insight we offer is that once workers are ac-
curately globally ranked, similarly ranked workers must have similar reservation wages.
Thus, we can estimate the reservation wage by considering a group of similar workers,
despite the fact that each of those workers is observed for a relatively short period of
time.

Being able to rank firms and workers allows us to recover the output of every match.
In the model, wages, which are observed in the data, are a function of the output of the
match as well as of two objects that our identification strategy allows to measure—the
reservation wage of a worker, and the value of a vacancy. Thus, the wage equation can
be solved for output as a function of three measurable variables. While the Shimer and
Smith (2000) model is particularly convenient in that it implies an invertible wage equa-
tion, in many other models the inversion can be achieved using the equation for match
surplus. We expect these insights to form the basis of any attempt to nonparametrically
estimate the production function in models of labor market sorting. The key potential im-
pediment to an accurate recovery of the production function in available data samples is
the presence of measurement error. We show that this problem can be overcome by once
again exploiting the insight that similarly ranked workers and firms can be binned and the
production function estimated at the bin level.

We assess the performance of the proposed methods in a Monte Carlo study imposing
the limitations (on sample size, frequency of labor market transitions, measurement error,
etc.) of the commonly used matched worker-firm data sets. We find that the identification
strategy and the implementation method that we develop are successful at measuring the
relevant objects in the model.
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Thus, in the first part of the paper, we develop all the theoretical and computational
tools required to enable the empirical analysis using the Becker (1973) model with time-
consuming search. We focus our theoretical analysis on its formulation in Shimer and
Smith (2000) because of its well-understood theoretical properties. We also think it has
considerable pedagogical merit to understand the sources of identification and to tackle
the key implementation issues in the simplest possible but relevant model.

An important limitation of the model in Shimer and Smith (2000) is that it does not
include search on the job, which is a key feature of the data. Thus, the third major contri-
bution of the paper is to make the model empirically relevant by introducing on-the-job
search. We prove nonparametric identification of that version of the model and verify
the performance of the proposed methods in a Monte Carlo study. The key identification
steps and insights are the same as in the baseline model, with some minor modification
required by the change in the model structure.3

The fourth contribution of the paper is an empirical analysis, in which we nonparametri-
cally estimate the model with on-the-job search using a large German matched employer–
employee data set. We find a very strong degree of sorting with a rank correlation of 0�75
between workers and firms. Firms matching with more productive workers also have a
much higher value of the vacancy. This finding is not hardwired by our estimation strategy,
but indicates that firms cannot scale up production arbitrarily and drive the value of the
vacancy down to zero at the firm level as is assumed in many macro models. While overall
more productive workers tend to work in more productive firms, locally, the patterns of
sorting are much more complicated. In particular, in contrast to the standard assumptions
of the globally sub- or supermodular production function, the cross-partial derivative of
the production function does not have a constant sign. This curvature is relatively well
exploited by market participants. In particular, solving the optimal output maximizing as-
signment problem, we find that optimally assigning individual workers to individual firms
increases output only by 1�83%. In contrast, reassigning workers to the main diagonal,
as would be optimal given the typical assumption of a globally supermodular production
function, would imply a 0�23% decline in output. This highlights the importance of a non-
parametric recovery of the production function, especially for counterfactual analysis.

The paper is organized as follows. In Section 2, we describe the standard model with
frictional labor market and assortative matching between workers and firms. Section 3
shows theoretically the identification of the model. In Section 4, we develop computa-
tional tools needed to implement our identification strategy and evaluate its performance
in simulated data sets designed to mimic existing matched employer–employee data sets.
In Section 5, we extend the model to include on-the-job search and show how to apply
our identification strategy in this environment. Next, we use this methodology to measure
the degree of sorting, identify the production function, and estimate the gains from elim-
inating search frictions in German data. Section 6 concludes. Most proofs and details of
computations are in the Supplemental Material (Hagedorn, Law, and Manovskii (2017)).

2. THE ECONOMIC MODEL

The model description builds on Shimer and Smith (2000), who added time-consuming
search to Becker (1973), with slight generalizations and some modifications. In particular,
we do not impose symmetry between the two sides of the market, but have workers on the

3Lamadon, Lise, Meghir, and Robin (2014) showed identification of a different sorting model with search
on the job.



EQUILIBRIUM MODELS OF LABOR MARKET SORTING 33

one side and firms on the other, both sides with potentially different primitives. We also
use a linear search technology instead of the quadratic search technology in Shimer and
Smith (2000), which seems the better choice for labor market applications. None of our
results hinge on this modification.

2.1. Environment

2.1.1. Basics

Time is discrete, all agents are infinitely-lived and maximize the present value of pay-
offs, discounted with a common discount factor β ∈ (0�1). The unit mass of workers is
either employed (e) or unemployed (u), while firms are either producing (p) or vacant
(v). Workers and firms are heterogeneous with respect to their productivities, denoted by
x ∈ [0�1] and y ∈ [0�1], respectively. To simplify the exposition, we treat each firm as hav-
ing one job. All the results immediately generalize, however, to each firm having a mass
of jobs sharing the same productivity y .4

Output of a match between worker x and firm y is given by the twice differentiable non-
negative production function f : [0�1]2 → R+. The existence proof in Shimer and Smith
(2000) also requires that f has uniformly bounded first partial derivatives on [0�1]×[0�1].
It is assumed that match output is increasing in worker and firm type, that is, fx > 0 and
fy > 0.5 This assumption allows x and y to be measured as a worker’s or a firm’s rank
in the corresponding productivity distribution. The rank of a worker (firm) is given by
the fraction of workers (firms) who produce weakly less with the same firm (worker). In
this paper, productivity, rank, or type have identical meanings. Therefore, the distributions
of worker and firm types are both uniform. If the “original” (non-rank) distributions of
worker and firm types are F and G, respectively, and the “original” production function
is f̂ (x̂� ŷ), then we transform the production function

f (x� y)= f̂
(
F−1(x)�G−1(y)

)
and the distributions are F(x̂)= x, G(ŷ)= y .

We place no additional assumptions on the production function (except for mild tech-
nical conditions that ensure existence of an equilibrium). In particular, we do not assume
that sorting is either positive or negative, but show how to recover this information from
the data.

4This model of the firm, as simplistic as it is, represents the current state of the art in this literature. As Lentz
and Mortensen (2010, pp. 593–594) put it, “all the analyses that we know of assume that output of any given
job-worker match is independent of the firm’s other matches. Furthermore, firm output is the sum of all the
match outputs. Hence, the identification challenge reduces to that of identifying worker and firm contributions
over matches and a common match production function. Of course, as the research frontier moves to improve
our understanding of multiworker firms, it is likely and appropriately an assumption that will be challenged.”
We agree with this assessment and hope the identification results established here will continue to be relevant
as more sophisticated and empirically implementable theories of the firm are developed.

5The assumption that economic agents can be globally ranked is standard in the models of sorting based
on absolute advantage, such as Becker (1973) and Shimer and Smith (2000), and is implicit in the approach of
Abowd, Kramarz, and Margolis (1999). In this paper, this assumption is only relevant for identifying rankings
of workers and firms when they can be ranked. In Hagedorn, Law, and Manovskii (2014), we showed that if
some agents cannot be ranked, for example, firms in the comparative advantage model of Gautier and Teul-
ings (2012), our identification strategy will reveal this and it will continue to recover the production function
correctly.
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TABLE I

FUNCTIONS DESCRIBING DISTRIBUTIONS

Description Density Function

Matches dm(x� y)
Employed workers de(x) = ∫

dm(x� y)dy
Unemployed workers du(x) = dw(x)− de(x)
Producing firms dp(y)= ∫

dm(x� y)dx
Vacant firms dv(y)= df (y)− dp(y)

2.1.2. Distributions

The measures characterizing the set of matched and unmatched workers and firms are
assumed to be absolutely continuous, implying the existence of a density. Given our iden-
tification of types with ranks, the worker and firm time-invariant populations are given
by dw = 1 and df . The distribution of producing matches is described by dm : [0�1]2 → R+.
The functions characterizing the employed and unemployed workers as well as the pro-
ducing and vacant firms are denoted de(x), du(x), dp(y), and dv(y), respectively.6 Table I
summarizes the relationships between these functions. Integrating the densities from
Table I gives the time-invariant measures of aggregate employment, E = ∫

de(x)dx, of
unemployment, U = ∫

du(x)dx, of producing firms, P = ∫
dp(y)dy , and vacant firms,

V = ∫
dv(y)dy .

2.1.3. Timing

It is convenient to think of each period as consisting of two subperiods. In the first sub-
period, a worker of type x matched with a firm of type y produces f (x� y). Output of this
match is exhausted by payments to the firm, π(x� y), and the worker, w(x� y). There is
free entry of vacancies. Creating a vacancy costs a fixed cost c. After paying this cost, the
vacancy learns its productivity y , which is a random draw from the uniform distribution on
[0�1], implying that the time-invariant firm distribution is uniform, df = 1/(V +P). In the
second subperiod, new matches are formed when all unmatched workers and firms partic-
ipate simultaneously in a single labor market subject to search frictions. After matching,
existing matches (including newly formed ones) are destroyed with probability δ.7

2.2. Search and Matching

Only and all unmatched agents engage in random search.8 A function m : [0�1] ×
[0�1] → [0�min(U�V )] takes the masses of unemployed workers U and vacant firms V as

6Note that these functions do not integrate to 1, but to the mass of employed and unemployed workers and
producing and vacant firms, respectively.

7The assumption that newly formed matches are also subject to job destruction shocks enhances the ele-
gance of some expressions below but has no relevance for the substantive results.

8Random search means that workers and firms do not observe the types of their potential trading partners
prior to meeting them, that is, they have the same information as is available to the econometrician (e.g., age,
sex, education, occupation, etc. of a worker and industry, location, etc. of a firm). An alternative assumption is
that workers (firms) know the type y of every firm (type x of every worker) and can direct their search to specific
types (e.g., Moen (1997), Shi (2001), Shimer (2005), Eeckhout and Kircher (2010)), for example, workers direct
their search to firms that are willing to accept them. In the analysis below, these informational assumptions
matter only for the computation of the job filling probability for firms. These informational assumptions will
not affect the analysis at all if the data allow to observe the number of vacancies at individual firms (as in, e.g.,
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its inputs and generates meetings. The probability a worker meets a potential employer
is given by Mu = m(U�V )

U
, while the probability of a vacant firm meeting a potential hire is

Mv = m(U�V )

V
. These probabilities are time-invariant in the steady-state equilibrium we will

consider. The probability for a worker to meet any firm y ∈ Y ⊆ [0�1] equals Mu

∫
Y dv(y)dy

V
.

The probability for a firm to meet any worker x ∈ X ⊆ [0�1] equals Mv

∫
X du(x)dx

U
. These

probabilities reflect our assumption of a linear search technology. Using the quadratic
search technology in Shimer and Smith (2000), these probabilities would be Mu

∫
Y

dv(y)dy
and Mv

∫
X

du(x)dx, respectively. Since we obtain the same search technology by simply
setting U = V = 1 in the matching process, it will become clear that our results do not
depend on the returns to scale of the matching function.

Not all meetings necessarily result in matches. Some meetings are between workers and
firms who are unwilling to consummate a match and who prefer to continue the search
process.

2.3. Strategies, Acceptance Sets, and Surplus

The steady-state pure strategy of a worker of type x is to decide which firms to match
with, taking all other strategies as given. This strategy is described by a Borel measurable
acceptance set Aw(x) of firms that a worker type x is willing to match with. Symmetrically
for firms, the Borel measurable acceptance set Af(y) is composed of the workers that a
firm of type y is willing to match with. Matching takes place when both the worker and the
firm find it mutually acceptable. For a worker of type x, the matching set Bw(x) consists
of firms which accept worker type x and are accepted by worker type x. Similarly, for a
firm of type y , Bf(y) consists of workers who accept to match with firm type y and who
are accepted by firms of type y . Specifically,

Bw(x)≡ {
ỹ : x ∈ Af(ỹ)∧ ỹ ∈ Aw(x)

}
�

Bf (y) ≡ {
x̃ : y ∈ Aw(x̃)∧ x̃ ∈ Af(y)

}
�

Bw and Bf denote the complements of Bw and Bf , respectively. Define B to represent all
(x� y) pairs that form in equilibrium:

B ≡ {
(x� y) : y ∈ Aw(x)∧ x ∈ Af(y)

}
= {

(x� y) : y ∈ Bw(x)
}

= {
(x� y) : x ∈ Bf(y)

}
�

2.4. Bellman Equations and Surplus Sharing

Let Vu(x) denote the value of unemployment for a worker of type x, Ve(x� y) the value
of worker x employed at a firm of type y , Vv(y) the value of a vacancy for firm y , and
Vp(x� y) the value of firm y employing a worker of type x. The surplus of a match between
worker x and firm y is defined as

S(x� y)≡ Vp(x� y)− Vv(y)+ Ve(x� y)− Vu(x)�

the German LIAB data that we use below). In this case, one can compute the job filling rate directly without
the need to make any informational assumptions. Without data on vacancies, the computation of the job filling
rate is conditional on the specification of the matching process.
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Shimer and Smith (2000) assumed that wages are determined by Nash bargaining over
the match surplus S(x� y) between workers and firms who have equal bargaining powers.
We maintain this assumption in this paper, although it is not essential. First, we show be-
low that the assumption of equal bargaining powers can be relaxed and the bargaining
power can be identified in the data if the model incorporates either an idiosyncratic or
an aggregate stochastic component affecting, say, firm productivity. In terms of notation,
we allow for unequal bargaining powers by denoting workers’ bargaining power α ∈ (0�1)
(α = 1

2 corresponds to the model in Shimer and Smith (2000)). Second, our method for
identifying the sign and strength of sorting does not use the assumption of Nash bargain-
ing but applies to any bargaining game whose solution implies that payoffs to both parties
increase in match surplus. Finally, our method for the nonparametric identification of the
production function only relies on specifying the bargaining protocol which yields a wage
equation that can be inverted for output.

Generalized Nash bargaining over the match surplus with workers’ bargaining power α
implies

(1)

{
αS(x� y)= Ve(x� y)− Vu(x)�

(1 − α)S(x� y)= Vp(x� y)− Vv(y)�

Following this rule, it is clear that y ∈ Aw(x) if and only if x ∈ Af(y). Hence,

(2)

{
Aw(x)= Bw(x)= {

y : S(x� y) ≥ 0
}
�

Af (y)= Bf(y)= {
x : S(x� y)≥ 0

}
�

Using the surplus sharing rule (1), we obtain the following steady-state value functions
(the derivations of these equations are provided in Section A.1 of the Supplemental Ma-
terial):

Vu(x) = βVu(x)+βα(1 − δ)Mu

∫
Bw(x)

dv(ỹ)
V

S(x� ỹ)dỹ�(3)

Vv(y)= βVv(y)+β(1 − α)(1 − δ)Mv

∫
Bf (y)

du(x̃)
U

S(x̃� y)dx̃�(4)

Ve(x� y)=w(x� y)+βVu(x)+βα(1 − δ)S(x� y)�(5)

Vp(x� y)= f (x� y)−w(x� y)+βVv(y)+β(1 − α)(1 − δ)S(x� y)�(6)

Free entry requires

c =
∫

Vv(y)dy�(7)

2.5. Stationary Distribution of Matches

In the stationary match distribution, for all worker and firm type combinations in the
matching set, the numbers of destroyed and created matches are the same:

∀(x� y) ∈ B� δdm(x� y)︸ ︷︷ ︸
destruction

= (1 − δ)du(x)Mu

dv(y)
V︸ ︷︷ ︸

new match formation

�(8)
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The probability for a worker (of any type) to meet a firm of type y is the product of
the probability to meet any firm, Mu, and the probability that this firm is of type y , dv(y)

V
.

This is multiplied by (1−δ) because newly formed matches can get destroyed in the same
period. Integrating over all matches yields that the total inflow into unemployment equals
the total outflow out of unemployment:∫

B
δdm(x� y)dxdy = δE︸ ︷︷ ︸

inflow

= (1 − δ)

∫ 1

0
du(x)Mu

∫
Bw(x)

dv(y)
V

dy dx︸ ︷︷ ︸
outflow

�

2.6. Equilibrium

In a steady-state search equilibrium (SE), all workers and firms maximize expected pay-
offs, taking the strategies of all other agents as given.9 The economy is in steady-state.
A SE is then characterized by the density du(x) of unemployed workers, the density dv(y)
of vacant firms, the density of formed matches dm(x� y), and wages w(x� y). The density
dm(x� y) implicitly defines the matching sets, as it is zero if no match is formed and is
strictly positive if a match is consummated. Wages are set to ensure the surplus sharing
rule (1) and match formation is optimal given wages w, that is, a match is formed when-
ever the surplus is (weakly) positive (see (2)). The densities du(x) and dv(y) ensure that
the flow equations in (8) hold.

To prove existence, Shimer and Smith (2000) assumed that the production function
is either globally supermodular or globally submodular.10 A stronger assumption would
be to require that the production function induces either positive assortative matching
(PAM) or negative assortative matching (NAM), defined as follows:

DEFINITION 1: Consider worker types x1 < x2 and firm types y1 < y2. There is PAM
if x1 ∈ Bf(y1) and x2 ∈ Bf(y2) whenever x1 ∈ Bf(y2) and x2 ∈ Bf(y1). There is NAM if
x1 ∈ Bf(y2) and x2 ∈ Bf(y1) whenever x1 ∈ Bf(y1) and x2 ∈ Bf(y2).

Whereas this stronger assumption is not necessary for the existence proof, it is com-
monly imposed in the literature as we discuss below. The equilibrium existence proof in
Shimer and Smith (2000) also uses their assumption of a quadratic matching function.
Nöldeke and Tröger (2009) extended the proof to a linear matching technology used in
this paper and showed that if f is either supermodular or submodular, then a SE exists.
Shimer and Smith (2000) suggested that the assumption of either super- or submodular-
ity just avoids a more complicated existence proof and thus can be dispensed with. More
specifically, this assumption rules out an atom of zero surplus matches, that is,

∀x 	= x′: μ
({
y : S(x� y)= S

(
x′� y

) = 0
}) = 0�(9)

where μ is the Lebesgue measure. Imposing

∀x 	= x′�∀y: μ
({
y ′ : f (x� y)+ f

(
x′� y ′) = f

(
x� y ′) + f

(
x′� y

)}) = 0

9As in Shimer and Smith (2000), we assume that a match is formed if agents are indifferent.
10A production function is supermodular if the cross-derivative is positive and it is submodular if the cross-

derivative is negative.
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ensures this property. It thus avoids both the assumption of super- or submodularity and
also a more complicated existence proof (see Step 1 of the proof of Lemma 3 in Shimer
and Smith (2000)). This property is, for example, satisfied by the two production functions
used in Shimer and Smith (2000) as examples which satisfy neither PAM nor NAM: (x+
y)2 and (x+ y − 1)2. It does not hold for modular production functions such as x+ y + k
(k is a constant). However, for large enough k, every worker matches with every firm and
thus (9) is trivially satisfied. Thus, a SE exists.

3. THE ECONOMETRIC MODEL: IDENTIFICATION

The description of the econometric model requires to determine which variables are
observable and which are unobservable. The identity of a worker i and of a firm j are
observed but their respective types x(i) and y(j) are not. The wage is only observed with
mean zero measurement error εt , which is independent from all other variables, so that
the observed wage of a worker i employed at firm j equals

w
(
x(i)� y(j)

) + εi�j�t �(10)

All remaining variables or model primitives are unobserved.11

The model is (fully) identified if a unique function from the joint distribution of observ-
ables to (all) the underlying elements of the model exists. In particular, different model
primitives generate different joint distributions of observables, that is, they are observa-
tionally not equivalent.12 In this section, we establish that the model is identified by pro-
viding a unique mapping from the joint distribution of wages, worker, and firm identity to
the primitives of the model. The identification proof is constructive: We express the model
parameters in terms of the observable distribution and we also use these expressions to
recover the primitives of the model in the implementation in small samples. We proceed
in three steps. First, we show how to identify the ranking of workers, that is, the mapping
x(i). Second, we identify the ranking of firms, that is, the mapping y(j). Having identified
the rankings of workers and firms, an investigation of the empirical matching patterns
allows us to identify the presence and sign of sorting. Third, we identify the remaining
primitives of the model, in particular, the output of every observed match between any
worker and any firm.

Using the joint distribution of wages, workers, and firms, we can infer the conditionally
expected wage

E
(
w

(
x(i)� y(j)

) + εi�j�t | i� j
) =w

(
x(i)� y(j)

)
�(11)

since the measurement error has mean zero and is independently distributed. To
prove identification, we can therefore proceed under the assumption that we observe
w(x(i)� y(j)), which is free of measurement error. Measurement error is, however, obvi-
ously a potential impediment in small samples and we show how to deal with this issue
successfully in the implementation section below.

11In some data sets, such as the German LIAB data used in this paper, the number of vacancies v(j) posted
by firm j is observed. Adding this to the lists of observables is not necessary but simplifies the measurement.

12This is the standard definition of identification in the literature building on Hurwicz (1950) (see Matzkin
(2013) for a recent survey). As Matzkin (2013) explained, “The analysis of identification is separate from
statistical issues, which are dependent on sample size. Identification analysis assumes that the whole probability
distribution of the observable variables, rather than a sample from it, is available.”
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3.1. Ranking Workers

We now derive several statistics which are monotonically increasing in worker types.
Such statistics naturally provide a way to rank workers.

The easiest such statistic is the value of unemployment. It is increasing in a worker’s
type because a more productive worker can always imitate the acceptance strategy of the
less productive worker but produce more and consequently receive higher wages. This
induces a more productive worker to set a higher reservation wage. As the production
function and the value of unemployment increase in worker productivity, wages within
firms are also increasing in worker type. This yields for every firm a correct ranking of
workers in the matching set of that firm. If one firm were to match with all workers in the
economy, the ranking of workers based on wages in that firm would automatically repre-
sent a global ranking of all workers in the economy. If no firm matches with all workers,
we have to aggregate the partial within-firm rankings to a global one. To illustrate how
this works, consider a firm A which hires workers a1 ≺ a2 ≺ · · · ≺ aN and another firm B
which hires workers b1 ≺ b2 ≺ · · · ≺ bM , where the ranking within each firm is denoted by
“≺.” Now suppose there is an overlap in the matching sets of these two firms so that the
best ranked workers in firm A are lowest ranked workers in firm B, that is, for some k,
aN−k = b1, aN−k+1 = b2, � � � , aN = bk+1. We can then combine the two rankings to rank all
workers in the two firms to obtain a1 ≺ a2 ≺ · · · ≺ aN−k = b1 ≺ aN−k+1 = b2 ≺ · · · ≺ aN =
bk+1 ≺ bk+2 ≺ · · ·bM . Iterating yields a global ranking of workers under the mild assump-
tion that the set of workers can be split into overlapping matching sets. As the matching
sets cannot be guaranteed to be overlapping, we provide three further rankings—the high-
est wage of a worker, the lowest wage of a worker, and the adjusted average wage—which
provide global rankings of workers.13 Thus, these rankings can be used to initialize the
rank aggregation procedure and this ensures a resulting global ranking even in cases with
non-overlapping matching sets.

Let ymin(x) be the firm that pays the lowest wage accepted by a worker of type x and
ymax(x) be the firm that pays the highest wage to a worker of type x. In Section A of the
Supplemental Material, we prove the following result.

RESULT 1:
(i) Vu(x), Ve(x� y), and w(x� y) are increasing in x.

(ii) The lowest wage, given by w(x� ymin(x)), is increasing in x.
(iii) The highest wage, given by w(x� ymax(x)), is increasing in x.
(iv) The adjusted average wage, defined as

wav(x) ≡
(

1 −Mu + δMu +Mu(1 − δ)

∫
Bw(x)

dv(y)
V

dy
)
w

(
x� ymin(x)

)
(12)

+Mu(1 − δ)

∫
Bw(x)

dv(y)
V

w(x� y)dy�

is increasing in x.

13Flinn and Heckman (1982) and Wolpin (1987) represent some of the earliest work on order statistic esti-
mators such as the lowest or highest wages.
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Note that while the adjusted average wage is increasing in x, the average wage (without
the adjustment) is not.14 To see this, consider two workers with different productivities.
A more productive worker might be matching with a wider set of firms (some of which do
not accept the less able worker). However, the more able worker might be only marginally
acceptable to those firms because they typically match with even better workers. As a
consequence, those firms pay low wages to this worker. Thus, the average wage of the
worker over his employment history might be lower than that of a less productive worker.
The more productive worker still obtains higher utility because he spends a larger fraction
of his lifetime employed. Result 1(iv) corrects for this effect by imputing the value of
unemployment to unemployed workers and defining the average wage over the lifetime
rather than of the portion of lifetime the worker spends employed.

We have derived a number of statistics that provide theoretically valid and equivalent
rankings of workers. In Section 4, we discuss their implementation and assess their per-
formance in small samples and in the presence of measurement error in wages. We find
that the best way to rank workers is to use the global statistics to initialize the ranking
and then refine it by aggregating within-firm rankings. For a realistic amount of worker
mobility across firms, this yields a very accurate complete ranking of workers.

3.2. Ranking Firms

To rank firms, we derive a statistic which is monotonically increasing in firm type y .15

This is nontrivial since the wage of worker x, w(x� y), is not always increasing in firm
productivity. The same problem applies to the surplus of a match, S(x� y). Our strategy is
as follows. We first establish that the value of a vacancy is increasing in y . This implies that
the surplus a vacancy is expected to generate is also increasing in y . Any bargaining game
where both parties benefit from an increase in the surplus implies that the average surplus
of workers employed by firm y is also increasing in y . Finally, we show that the average
surplus of workers employed by firm y can be expressed as a function of wages, yielding
a simple observable statistic that is increasing in y and thus allows to rank firms. In this
section, we include some of the proofs in the main text as we consider them instructive
(and surprisingly simple).

The foundation for our strategy of ranking firms is provided by the following result.

RESULT 2: Vv(y) and Vp(x� y) are increasing in y .

Our strategy is to relate these monotone statistics to observable statistics from the
worker side. The next result is stated only in terms of workers’ value functions.

14Since separation rates are identically δ at all firms a worker matches with, a worker’s average wage is
proportional to

∫
Bw(x)

w(x� y)dv(y)dy . Assuming, for simplicity, that Bw(x) = [ϕ(x)�ϕ(x)], we get

∂

∂x

∫
Bw(x)

w(x� y)dv(y)dy

=
∫
Bw(x)

∂w(x� y)

∂x
dv(y)dy +ϕ′(x)w

(
x�ϕ(x)

)
dv

(
ϕ(x)

) −ϕ′(x)w
(
x�ϕ(x)

)
dv

(
ϕ(x)

)
�

Clearly, this equation is not necessarily increasing in x.
15Note that firms cannot be ordered based on data on average profits. This is because, just as average

wages do not necessarily increase in x, average profits are not necessarily increasing in y . In addition to this
theoretical obstacle, we are not aware of a convincing argument on how to overcome the well-known difficulties
in measuring profits in the data in a way consistent with the model.
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RESULT 3: The expected surplus due to newly hired workers, given by

(1 − δ)Mv

∫
Bf (y)

du(x̃)
U

(
Ve(x̃� y)− Vu(x̃)

)
dx̃�

is increasing in y .

PROOF: Using (1),

(1 − δ)Mv

∫
Bf (y)

du(x̃)
U

(
Ve(x̃� y)− Vu(x̃)

)
dx̃

= α(1 − δ)Mv

∫
Bf (y)

du(x̃)
U

S(x̃� y)dx̃�

From (4), it follows that

Vv(y)(1 −β)

β(1 − α)
= (1 − δ)Mv

∫
Bf (y)

du(x̃)
U

S(x̃� y)dx̃�(13)

From Result 2, both sides of (13) are increasing in y . Multiplying both sides of (13) by α
yields the desired result. Q.E.D.

The proof used that the value of a vacancy is increasing in firm type y and then involved
two steps. First, since the value of a vacancy is related to the expected surplus by an ac-
counting identity (4), the expected surplus is also increasing in firm type (13). The next
step uses that Nash bargaining implies that both the worker and the firm benefit from
an increase in the surplus. Nash bargaining has an even stronger implication as the two
parties benefit from an increase in the surplus in fixed proportions, determined by the bar-
gaining power. This strong implication is, however, not used here and our results extend
to other bargaining games where both parties benefit from an increase in the surplus.

Next, we relate this statistic to wages which are observable in the data.

RESULT 4: The expected wage premium over the reservation wage of newly hired workers,
given by

(14) Ω(y)= (1 − δ)Mv

∫
Bf (y)

du(x)
U

(
w(x� y)−w

(
x� ymin(x)

))
dx�

is increasing in y .

Note that this expectation is taken when the vacancy is still unfilled. The proof uses
three simple insights. Recall that w(x� ymin(x)) denotes the lowest wage (the reservation
wage) that worker x receives and ymin(x) is the firm type that pays this wage. The first
insight is that the lowest wage is equal to the return of being unemployed,16

w
(
x� ymin(x)

) = (1 −β)Vu(x) = (1 −β)Ve

(
x� ymin(x)

)
�

16If a worker of type x is accepted by all firms, the lowest wage w(x�ymin(x)) is not equal to the reservation
wage and thus not equal to the return of being unemployed. In Section A.3 of the Supplemental Material, we
show that this does not change the derivative of Ω. In particular, Ω is increasing in y independently from the
properties of the matching set.
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Second, the wage of a worker is a premium over the reservation wage (see (5)),

w(x� y) = (1 −β)Vu(x)+ (
1 −β(1 − δ)

)(
Ve(x� y)− Vu(x)

)
= w

(
x� ymin(x)

) + (
1 −β(1 − δ)

)(
Ve(x� y)− Vu(x)

)
�

Finally, this implies that the worker’s surplus is proportional to the difference between
the wage and the reservation wage,

w(x� y)−w
(
x� ymin(x)

) = (
1 −β(1 − δ)

)(
Ve(x� y)− Ve

(
x� ymin(x)

))
�

Using Result 3 completes the proof.17

It is convenient to decompose Ω(y) into two factors that, as we show below, can be
easily measured in the data. The first is the average wage premium of newly hired workers
at firm y , Ωe(y), and the second one is the probability to fill a vacancy, q(y). The average
wage premium equals

Ωe(y) =
∫
Bf (y)

du(x)
U

(
w(x� y)−w

(
x� ymin(x)

))
∫
Bf (y)

du(x̃)
U

dx̃
dx�(15)

The probability that a vacancy of type y is filled equals

q(y)= (1 − δ)Mv

∫
Bf (y)

du(x̃)
U

dx̃�(16)

It then holds that

Ω(y)= q(y)Ωe(y)�(17)

Computing Ωe(y) requires knowing workers’ reservation wages. While the reservation
wage is clearly conceptually related to the lowest accepted wage by a worker (which is ob-
servable in the data), a more sophisticated measurement procedure is required in small
samples and in the presence of measurement error. We develop such a procedure in Sec-
tion 4. We also discuss the computation of the job filling rates q(y) in Section 3.4.3 below.

3.3. Sign and Strength of Sorting

Having ranked workers and firms, we can compute Spearman’s rank correlation be-
tween x and y in the data, which is just the Pearson correlation coefficient since both
types are already ranked. The sign of this correlation is a natural indicator of the sign of
sorting. For example, a value of 1 indicates perfect positive assortative matching and a
value of −1 indicates perfect negative assortative matching.

17The strict monotonicity of Ω and thus the ranking of firms depends on V (y) being increasing in y , as
shown in Result 2. This result can be tested in the data using, for example, the monotonicity test by Hall
and Heckman (2000) which we describe and apply in Hagedorn, Law, and Manovskii (2014) to discriminate
between models with comparative and absolute advantage. In the empirical analysis below, we indeed reject
the constant Ω hypothesis, which is perhaps not surprising in view of the large firm heterogeneity documented
by, for example, Bagger, Christensen, and Mortensen (2011).
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3.3.1. Relationship to the Literature

Note that Ω(y) is increasing in y regardless of whether the model features positive or
negative assortative matching, or indeed neither. In particular, it does not require any
assumptions on the production function f , that is, neither super- nor submodularity. Be-
cause of this, Result 4 enables us to identify the sign of sorting. This is in contrast to the
recent results of Eeckhout and Kircher (2011) who used a simplified version of Atakan
(2006) to show that the sign of sorting cannot be identified from wage data. More pre-
cisely, they demonstrated that in their two-period model, for every supermodular pro-
duction function that induces PAM, there exists a submodular production function that
induces NAM and generates identical wages. In Eeckhout and Kircher’s model, workers
and firms meet randomly in the first period. They can either form a match or pay a search
cost and be paired up with their ideal partners in a perfectly competitive labor market in
the second period. There is no discounting between the two periods. These specific mod-
eling choices simplify the theoretical analysis substantially, but, unfortunately, they also
ultimately prevent the identification of the model.

Consider first the role of discounting. One difference between Shimer and Smith (2000)
and the models in Atakan (2006) and Eeckhout and Kircher (2011) is that the former uses
discounting whereas search costs are explicit (and additive) in the latter two papers (as in
Chade (2001)). This matters for ranking firms, as can be seen by rearranging the Bellman
Equation (4) in our model:

Vv(y)(1 −β) = β(1 − α)(1 − δ)Mv

∫
Bf (y)

du(x̃)
U

S(x̃� y)dx̃�

In the limit β → 1, we get that the expected surplus is a constant,

0 = (1 − α)(1 − δ)Mv

∫
Bf (y)

du(x̃)
U

S(x̃� y)dx̃�

the Constant Surplus Condition in Theorem 1 in Atakan (2006). If, instead, β < 1, then
Vv(y)(1 − β) is increasing in y and so is the expected surplus. This monotonicity (inde-
pendent of the production function) of expected surplus is the key step in our ranking
of firms. We then measure the surplus as being proportional to the wage premium of a
worker resulting in our statistic Ω(y) that is expressed in terms of wages only. Construct-
ing the same statistic in Atakan (2006) does not yield a function that is monotonically
increasing in y but is, instead, a constant. The impossibility to rank firms in Atakan (2006)
is thus due to the knife-edge assumption of no discounting. As soon as this assumption is
relaxed, firms can be ranked.18

However, introducing discounting is not sufficient to achieve identification in Eeckhout
and Kircher (2011) due to further simplification they make relative to Atakan (2006). In
particular, their assumption of a frictionless second-period matching implies that it is the

18Eeckhout and Kircher (2011) noted that their non-identification proof breaks down in case of discounting.
While this does not imply the possibility of identification, they conjectured that if one could somehow establish
identification, it might be difficult to achieve in practice for plausible values of β. The strength of our method
is that it is immune to such concerns. The statistic we use to rank firms is monotonically increasing in firm type
regardless of how close β is to 1. In terms of the quantitative results reported below, we will show in Section F.5
of the Supplemental Material that even using the monthly discount factor as high as 0�999 does not measurably
affect our ability to identify the objects of interest.
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frictionless second-period outcome π∗(y) that serves as the continuation value for firms,
that is, the value of a vacancy equals

V (y)=
∫

S(x� y)dx︸ ︷︷ ︸
expected surplus

+βπ∗(y)�

Our statistic Ω(y) is monotone in y if and only if the expected surplus is. In Shimer and
Smith (2000), we showed that this is the case because the value of a vacancy is increasing
in y . In Eeckhout and Kircher (2011), such a simple relationship between the value of
a vacancy and the expected surplus does not exist. Solving the above equation for the
expected surplus yields∫

S(x� y)dx= V (y)−βπ∗(y)�

which is not necessarily increasing in y even with β 	= 1 since π∗(y) is increasing in y and
enters with a negative sign. As a result, our statistic Ω(y), which is proportional to ex-
pected surplus, is not necessarily monotonically increasing. Thus, the model in Eeckhout
and Kircher (2011) is not identified due to the assumption that the continuation value is
the frictionless allocation and not the value of a vacancy as in Shimer and Smith (2000)
and in Atakan (2006).

3.4. Identifying Remaining Model Parameters

We now show how to identify the remaining objects in the model. Our primary interest
is in identifying the production function f (x� y). We recover it, at the end of this section,
by inverting the wage equation. To accomplish that, we require the measures of the value
of unemployment Vu(x), the value of a vacancy Vv(y), and the probability to fill a vacancy
q(y). Alongside with measuring these key objects, we also show how to measure the value
of being employed Ve(x� y), the value of producing for a firm Vp(x� y), and the meeting
probabilities for unemployed workers and vacant firms Mu and Mv.

3.4.1. Measuring Vu(x), Ve(x� y), and S(x� y)

The Bellman Equation (5) implies, using Ve(x� y
min(x)) = Vu(x), that Vu(x)(1 − β) =

w(x� ymin(x)). Thus, the reservation wage for workers of type x can be used to measure
the (type-dependent) value of unemployment as19

Vu(x) = w
(
x� ymin(x)

)
1 −β

�

19Implementation of the measurement of (type-dependent) reservation wages is described in Section 4.3.
Alternatively, one can, for example if no firm pays exactly the reservation wage, compute the value of unem-
ployment using (3) and (5) as

Vu(x) =
β(1 − δ)Mu

1 −β(1 − δ)

∫
Bw(x)

dv(ỹ)
V

w(x� ỹ)dỹ

(1 −β)

(
1 + β(1 − δ)Mu

1 −β(1 − δ)

)∫
Bw(x)

dv(ỹ)
V

dỹ
�
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To measure Ve(x� y), consider a worker of type x, who starts working at a firm of type
y at time t = 0, becomes unemployed at time tU , and receives wage wt = w(x� y) for all t
between t = 0 and t = tU − 1. We then define

tU−1∑
t=0

βtwt +βtUVu(x)�

where, of course, we use the measured value for Vu(x). Averaging across all these sums
for all types x starting at firm y yields the estimate Ve(x� y).

We then also have a measure of surplus multiplied by the bargaining power

αS(x� y)= Ve(x� y)− Vu(x)�

Using that α = 1
2 in the model of Shimer and Smith (2000) yields the value of S(x� y).

In Section A.4 of the Supplemental Material, we follow Hagedorn and Manovskii (2008,
2013) and describe how the parameter α can be identified from the data in a more general
version of the model.

3.4.2. Measuring Vv(y) and Vp(x� y)

We next turn to the measurement of Vv(y), which is related to our estimate Ω(y)
through

Vv(y)(1 −β) = β
1 − α

α
(1 − δ)Ω(y)�

Since, as discussed above, we can measures Ω in the data, and we can follow the standard
approaches in the literature to estimate or calibrate δ and β, we obtain

Vv(y)= β

1 −β

1 − α

α
(1 − δ)Ω(y)�

Using this, Vp(x� y) can then be computed from

Vp(x� y)= Vv(y)+ (1 − α)S(x� y)�

3.4.3. Transition Rates

The probability, q̃(y), that a vacancy posted by firm j of type y(j) is filled conditional
on meeting a worker is simply the share of unemployed workers belonging to this firm’s
matching set in total unemployment. Indexing workers by their (estimated) rank x, denote
by u(x) this type’s average unemployment rate. Using the law of large numbers, it holds
that

q̃(y)≡
∫
Bf (y)

du(x̃)
U

dx̃ =

∫
Bf (y)

u(x̃)dx̃∫
[0�1]

u(x̃)dx̃
�(18)

Note that q̃(y) can be computed in the data and that its knowledge is sufficient to rank
firms as q(y) is proportional to q̃(y) (see (16)). Next, we measure Mv. Denote by Ht(y)
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the observed number of new hires in firms of type y at time t, and by Vt(y) the unobserved
number of vacancies posted by these firms. Equation (16) and the law of large numbers
imply that

Ht(y)

(1 − δ)q̃(y)
= MvVt(y)�

Adding up across all firms and time periods, and rearranging, yields Mv (and Mu as
MuU =MvV ):

Mv = 1
1 − δ

∫
[0�1]

Ht(ỹ)

q̃(ỹ)
dỹ∫

[0�1]
Vt(ỹ)dỹ

�

where
∫

[0�1] Vt(ỹ)dỹ is the total number of vacancies, which if unobserved, can be inferred
by matching the wage share in output.

These computations simplify if data on firm-level vacancies are available.20 In this case,
we can directly measure the probability to fill a vacancy q(y). For every worker type, we
can measure the probability to leave unemployment λ(x). With firm-level vacancy data
(i.e., data for dv(y)), we can then measure Mu (and consequently Mv) from

λ(x) = (1 − δ)Mu

∫
Bw(x)

dv(ỹ)
V

dỹ�

A more robust way is to integrate over all worker types and solve for Mu from∫ 1

0
λ(x)dx = (1 − δ)Mu

∫ 1

0

∫
Bw(x)

dv(ỹ)
V

dỹ dx�

3.4.4. Measuring Output f (x� y)

Using the equation for wages (A.2) in the Supplemental Material, the production func-
tion f (x� y) on the set of matches that actually form then equals

f (x� y)= w(x� y)− α(β− 1)Vv(y)− (1 − α)(1 −β)Vu(x)

α
�

The output of a match is determined by inverting the wage equation, expressing the out-
put f (x� y) as a function of the observed wage w(x� y) and the two measured outside
options Vv(y) and Vu(x). For this to be feasible, the researcher has to know the exact
wage equation. In the model of Shimer and Smith (2000), this is the case since Nash
bargaining is imposed. Other wage determination mechanisms which imply an invertible
wage equation would also allow for an identification of output.

An alternative strategy for recovering the output is to invert the equation for surplus
(A.1) in the Supplemental Material. As S(x� y), Vv(y), and Vu(x) have already been mea-
sured, this immediately implies f (x� y).

20The computation is also not affected if there is random noise leading to observing some firms hiring
without having a posted vacancy.
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4. IMPLEMENTATION AND QUANTITATIVE EVALUATION

In this section, we develop the key implementation steps of the proposed identification
strategy and evaluate their performance in a Monte Carlo study over a range of parame-
ter values that are likely to be encountered in empirical work. As our identification proof
is fully constructive, the only challenge is to deal with the fact that available data sets
are finite whereas theoretical identification assumes infinite data. This is particularly rel-
evant to estimating a worker’s reservation wage which can only be imprecisely estimated
from an individual worker’s few own wage observations. To obtain precise estimates, we
propose an ostensibly simple but indeed very effective methodological innovation. After
workers have been ranked, we bin similarly ranked workers. Given the large number of
workers in available data sets, closely ranked workers are very similar. We then use wage
observations for all workers in this bin as if they were a single worker’s observations and
compute the relevant statistics accordingly. Analogously, we also bin firms after they have
been ranked to compute statistics for a single firm using the observations for all firms in
the respective bin. In Monte Carlo simulations, we find that binning workers and firms
is the key to precisely recovering all model primitives in the data.21 We now describe the
key steps of our implementation strategy, with the detailed implementation algorithm
provided in Section B of the Supplemental Material.

4.1. Parameterization

We assume that a researcher has access to a matched employer–employee panel data
set with a time dimension of 20 years. Most currently available and commonly used
matched data sets (e.g., from Brazil, Denmark, Germany, France) have a similar or longer
time span. We assume that the data include the information on wages, all employment and
unemployment spells of the worker over the duration of the sample, and all hires and sep-
arations at the firm level. We simulate the model at a monthly frequency. The production
functions commonly used in the literature belong to the constant elasticity of substitution
(CES) family. We consider three such functions:

(i) f (x� y) = 0�6 + 0�4(x1/2 + y1/2)2, which induces positive assortative matching
(PAM),

(ii) f (x� y)= (x2 + 2y2)1/2, which induces negative assortative matching (NAM), and
(iii) f (x� y)= 0�4+1{x≤0�4}(x+0�6)y+1{x>0�4}((x−0�4)2 +y2)1/2, which induces neither

positive nor negative assortative matching (NEITHER). Instead, the pattern of sorting
changes over its domain (PAM for x ≤ 0�4 and NAM for x > 0�4).

The literature has largely restricted attention to identifying sorting assuming that the
production function induces either globally positive or negative assortative matching. This
motivates our choice of the first two production functions. Our method, however, does not
rely on placing such restrictions. The choice of the third production function is designed
to illustrate this point. The production functions are scaled to generate a realistic amount
of wage dispersion.

We also consider three distributions of workers and firms (these are the “original” non-
rank distributions F and G). Common choices in the literature are either uniform or nor-
mal distributions. We consider both and for the normal distribution we choose the mean
of 0�5 and the variance of 0�25 (the distribution is truncated and normalized on [0�1] in-
terval). We also consider a bimodal distribution constructed as the sum of two normals:

21Krasnokutskaya, Song, and Tang (2014), Krasnokutskaya, Terwiesch, and Tiererova (2016) pursued a sim-
ilar approach in the context of online auctions where they grouped bidders on the basis of their quality.
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N(0�2�0�25) + N(0�8�0�25) truncated and normalized to integrate to one on [0�1]. The
distributions are discretized into 50 values on an evenly spaced grid. We simulate a small
sample of 30,000 workers. The vacancy creation cost is such that there is the same num-
ber of jobs in the economy. After the productivity of the vacancies is learned, vacancy
creators sell them in competitive markets to operating firms with the same productivity
level. We use 300 firms in simulations, which implies in a symmetric equilibrium that op-
erating firms have 100 jobs per firm (all sharing the same productivity level). As not all of
these jobs are filled at a point in time, the actual size of employment at each firm varies
across parameterizations, but is not more than 100 workers. We set the discount factor to
0�996 at monthly frequency to be consistent with the annual interest rate of 4%.

We assume the standard Cobb–Douglas form of the meeting function m(s� v) =
κsνv(1−ν). We set the elasticity parameter ν = 0�5, as this parameter plays no interest-
ing role in our stationary model. We consider a wide range for the scale parameter
κ = {0�4�0�7} to generate job-finding probabilities ranging between a high of about 50%
a month in the United States and a low of about 15% in some European countries. Simi-
larly, we choose two values for the separation rate δ= {0�01�0�025}, roughly spanning the
U.S. and European evidence. Bargaining weights of 0�5 are symmetric for workers and
firms.

Finally, we allow for measurement error in wages. Hagedorn and Manovskii (2012)
estimated that measurement error accounts for approximately 20% of the variance of
residual wages in the U.S. NLSY data. This is likely an upper bound on the matched
employer–employee data sets, as these data are typically based on administrative sources
with highly reliable wage information. Nevertheless, to make the test of the proposed
method more stringent, we add i.i.d. noise to every wage observation with a variance of
20% of the correctly measured wage variance. The error is simulated as draws from a
normal distribution truncated at three standard deviations around the mean of zero.

The values of parameters used in simulations are summarized in Table II. All combi-
nations of parameters result in 108 distinct parameterizations. Figure A-3 in the Supple-
mental Material summarizes the values that a number of variables of interest take across
all parameterizations. Most tend to lie within empirically plausible ranges.

4.2. Ranking of Workers

Result 1 implies that wages within a firm are increasing in worker productivity x. This
provides a way to rank workers according to their productivity within a firm, and these

TABLE II

PARAMETERIZATIONS

Parameter Symbol Option 1 Option 2 Option 3

Production function f (x� y) PAM NAM NEITHER
Worker distribution dw Uniform Normal Bi-Modal
Firm distribution df Uniform Normal Bi-Modal
Discount factor β 0.996
Separation rate δ 0.01 0.025
Meeting function scale κ 0.4 0.7
Meeting function elasticity ν 0.5
Worker’s bargaining weight α 0.5
Measurement error in wages ε 20% of overall wage variance
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partial rankings can be aggregated to construct a more global ranking. However, the pres-
ence of measurement error in wages presents a complication. Within one firm, one worker
could be ranked higher than another worker not because he is more productive (actually
he is less productive) but just because of the measurement error. And the ranking be-
tween these two workers may not be consistent with the ranking from other firms. To
solve this problem, we build on the insights from social choice theory, where voters rank
candidates, potentially inconsistently with each other. In our application, voters corre-
spond to firms and workers to voting alternatives. An aggregate ranking then minimizes
the number of disagreements between individual votes which defines the Kemeny–Young
rank aggregation problem first described in Kemeny (1959) and Kemeny and Snell (1963).
We refine this procedure. We not only count the number of disagreements but also assign
weights to the ranking of all worker pairs, determining how likely it is that the observed
wages (with measurement error) indicate the true ranking. If, for example, the wage of
worker i is much higher than the wage of worker j, we assign a high weight, whereas the
weight is small if the wages are very similar. We use a Bayesian approach to compute these
weights. The goal is then to find a ranking that maximizes the sum of weights in favor of
a proposed ranking. To deal with the computational complexity of this problem, we build
on insights from Kenyon-Mathieu and Schudy (2007), who provided a polynomial time
algorithm that approximates the solution to this problem with arbitrary degree of accu-
racy. In practice, we found that implementing a portion of their algorithm achieves a high
level of accuracy while being quite fast. A detailed description is provided in Section C of
the Supplemental Material.

Figure 1 reports the distribution of the rank correlations of the true worker types and
types recovered using the rank aggregation procedure across simulations. The results in-

FIGURE 1.—Distribution of the correlation between the true and estimated, using the rank aggregation
procedure, worker ranks across parameterizations.
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dicate that the procedure recovers the correct rankings quite well despite relatively small
samples and in the presence of sizable measurement error in wages.22

4.3. Ranking of Firms

Result 4 implies that, to rank firms, one simply needs to compute the expected aver-
age difference between the wages a firm pays to each of its newly hired workers and the
reservation wage of those workers. The only challenge is to obtain an accurate estimate of
the reservation wage for each worker, despite the limited time dimension of the available
data. The key insight we use is that once workers are ranked, similarly ranked workers
must have similar reservation wages. Thus, we can estimate the reservation wage by con-
sidering a group of similar workers, despite the fact that each of those workers is observed
for a relatively short period of time. Since workers are ranked and ranks are uniformly
distributed, we can group workers into bins of equal size. One can think of workers as
ordered on a line and bins corresponding to intervals (without holes) on this line. What
remains to be determined is the number of bins or, equivalently, the size of the bin. The
answer to this question obviously depends on the size of the sample. If we had infinite
observations for each worker, the choice would be easy, as each bin would consist of one
worker only, as these infinite observations are sufficient to compute the worker’s reserva-
tion wage from this worker’s observed wages only. However, we only have a small sample
available and the appropriate bin size has to be evaluated in Monte Carlo simulations.
In these simulations, we find that 50 bins are sufficient to reliably compute all statistics,
such as the reservation wage and the production function. Additional details of the im-
plementation algorithm for firm ranking are relegated to Section B of the Supplemental
Material.

Figure 2 plots the distribution of the correlations between the ranking of firms based
on this procedure and true ranking across the parameterizations we consider. In all pa-
rameterizations, the ranking of firms is identified quite precisely.

After firms are ranked, we can also group similarly ranked firms (i.e., firms with very
similar Ω values) into bins. As firms (ranks) are uniformly distributed, bins are of equal
size and we find 50 bins to be sufficient to deliver reliable results. The measured value of
a vacancy for a firm type is then the average value of a vacancy for all the firms assigned to
this bin. The estimated value of a vacancy is found to be increasing in firm type as we also
verified using the monotonicity test in Hall and Heckman (2000). While the production
function can be estimated at the level of an individual firm, estimating it on worker and
firm bins helps eliminate the effects of the sampling error in small samples.

4.4. Sign and Strength of Sorting

Figure 3 plots the correlation between identified worker and firm ranks against the
true correlation (each black dot corresponds to a different parameterization). Here we
separate the three production functions to illustrate that our identification strategy easily

22As implied by Result 1, we initialize the rank aggregation procedure using global rankings based on the
lowest accepted wage, the highest accepted wage, or the adjusted average wage. The performance of each of
these methods is reported in Appendix Figure A-4 in the Supplemental Material. The correlations are relatively
high for all these measures. In particular, the adjusted average wage dominates both the minimum and the
maximum wage in its performance in ranking workers. The measure based on rank aggregation substantially
outperforms any of the individual measures.
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FIGURE 2.—Distribution of the correlation between the estimated and true firm ranks across parameteriza-
tions.

identifies the sign of sorting. In all cases, this relatively crude measure of the strength of
sorting performs quite well (as all the black dots lie on a 45 degree line, the correlation
between worker and firm types is identified nearly exactly).

FIGURE 3.—Correlation between identified worker and firm ranks against true correlation.
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For comparison, the (red, if viewed in color) crosses in the same figures correspond
to the correlation between worker and firm fixed effects estimated using the exact least
squares formulas provided by Abowd, Creecy, and Kramarz (2002). The results confirm
the findings in the literature that such reduced-form estimates of the strength of sorting
are severely biased towards zero.

4.5. Measuring f (x� y)

To evaluate how well our method recovers the production function, in Figure 4 we plot
the distribution of the correlation between the true and the estimated production func-
tions across all parameterizations (we have grouped similarly ranked firms and workers
into types x and y as discussed above). The correlations are generally very high, with the
median correlation of 0�9987.

To provide a better sense of the ability of our identification and implementation strategy
to recover the production function, in Figures A-5–A-7 in the Supplemental Material,
we plot the true and estimated production functions for three particular examples from
the set of the parameterizations we considered. The three production functions induce
positive, negative, or neither positive nor negative assortative matching and we use the
same set of parameters for all cases: β = 0�996, κ = 0�3, δ = 0�01, α = 0�5, and dw =
df = U[0�1], with a measurement error equal to 20% of the variance of wages. Each
figure contains the true production function (dark red with black lines if viewed in color)
defined on the equilibrium matching set and the estimated one (transparent blue). As the
functions are essentially on top of each other, to help appreciate the closeness of the fit,
for each production function we provide four views with the red line representing the axis

FIGURE 4.—Distribution of correlation between true and estimated production functions across parame-
terizations.
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of rotation. The estimated production functions are presented without any smoothing or
filtering.

4.6. Measuring the Effect of Search Frictions on Output

Having obtained the nonparametric estimate of the production function and of the
rankings of workers and firms, one can address a number of important economic ques-
tions. One such question is to assess the magnitude of output losses due to mismatch
between workers and firms. We now evaluate the ability of our identification and imple-
mentation strategies to provide a reliable quantitative answer to this question without
imposing functional form assumptions on technology.23

To do so, we first derive the (counterfactual) allocation in a world without frictions. To
solve for the frictionless assignment, we need to find a one-to-one assignment (bijection)
μ : [0�1] → [0�1] of workers to firms such that the total output

∑
x f (x�μ(x)) is max-

imized. Our identification strategy identifies the production function only on the set of
(x� y) matches observed in the data. Since our objective is to find an optimal assignment
on this set, we assume that the output outside of the observed frictional matching set is
zero.

This assignment problem is a well-studied combinatorial optimization problem and
there are several existing algorithms that can solve it in polynomial time.24 However, a
complete solution is not required to approximate the effect of the elimination of search
frictions on output. Instead, a much smaller scale assignment problem can be solved on a
random sample of workers and firms. We choose the size of the sample so that the maxi-
mum total output of the sample scaled to the size of the total population of workers and
firms becomes invariant to the sample size. Across our simulations, we found that a sam-
ple of about 5000 workers and 5000 jobs is sufficient. On a sample of that size, we can
solve the problem in minutes using the Jonker and Volgenant (1987) algorithm without
special hardware.

Denote by Eno fric the expectation of frictionless output f (·�μ(·)):

Eno fric =
∫ 1

0
f
(
x�μ(x)

)
dx�(19)

where we used that worker ranks are uniformly distributed. In the presence of frictions,
let E fric be the expectation of f :

E fric =
∫
B
f (x� y)dm(x� y)dxdy�(20)

23An alternative approach to measuring the cost of mismatch was pursued by Eeckhout and Kircher (2011).
They noted (as did Teulings and Gautier (2004) and Gautier and Teulings (2006)) that differentiating the
wage equation (such as (A.2) in the Supplemental Material), the cross-partial derivative of the wage equals
the cross-partial derivative of the production function multiplied by the worker bargaining weight. They also
showed that in their two-period model, where a period with search frictions is followed by a frictionless period
and there is no discounting, and under the assumption that the production function globally induces PAM or
NAM, the average cross-partial of the production function can be theoretically related to the output cost of
mismatch. They did not explore the empirical properties of this estimator given the nature of the available
data. Even maintaining their restrictive assumptions on the production technology, it is not clear whether it is
possible to generalize this method to the fully dynamic model in Shimer and Smith (2000).

24See Burkard, Dell’Amico, and Martello (2009) for a review.
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FIGURE 5.—Estimated gains from eliminating frictions.

Then, the output loss due to misallocation is the difference between the expected output
without frictions, Eno fric, and the expected output with frictions, E fric:

ΔE = Eno fric − E fric�(21)

In Figure 5, we plot the percent output gain from the optimal reallocation of work-
ers 100 · ΔE

Efric . The true output gain as a percent of frictional output is on the horizontal
axis, while the estimated gain as a percent of frictional output is on the vertical axis. To
help visually interpret the results, the figure also includes two dotted lines that repre-
sent a mistake of plus or minus one half of one percent of output. In Panel 5(a), we plot
the estimated gains from eliminating all frictions, including the elimination of frictional
unemployment. In Panel 5(b), we only consider the effect from optimal reassignment of
workers employed in the economy with frictions (i.e., we keep the employment of each
worker type fixed at its level in the economy with frictions).25 We interpret the results as
indicating that the method performs quite well in estimating the gain from optimal worker
reallocation.26

4.7. Robustness

In this section, we conduct several robustness checks. First, we allow for a shorter time
horizon and assume that data are available only for 10 years. Second, we look at smaller
firms, and third, we allow for random match-specific productivity.

25The relatively small gains from reallocation in this experiment are driven by the parsimonious CES produc-
tion function. Larger gains from eliminating mismatch can be obtained with more cumbersome specifications
of the production functions. We have explored a number of such specifications and found that our method
continues to perform equally well.

26Note that the high correlations between the true and estimated production functions reported in Figure 4
do not necessarily imply an accurate estimate of the gains from optimal assignment. The reason is that the
solution to the optimal assignment problem exploits all imperfections of the estimated production function.
Thus, it is possible to have a high correlation of the true and estimated production function and to substantially
miss on the estimated gains from reallocation. The good fit of Figure 5 implies that our methodology does not
introduce such significant exploitable imperfections.
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4.7.1. Shorter Time Horizon

In the quantitative evaluation, we assumed, guided by the available matched employer–
employee data sets, that we have data for 20 years. We now investigate how the results
change if we have only a shorter data set of 10 years available, which may be the case
for some developing countries or if an estimation on subsamples of available data is con-
sidered. We find that the quantitative performance of our method is not substantially
affected by this restriction. Results reported in Section F.2 of the Supplemental Material
imply that when using only 10 years of data, the median correlation between the true
and the estimated production function is 0�9972, the correlation between the firm and
the worker ranking is very well recovered, and so are the gains from eliminating search
frictions.

4.7.2. Small Firms

In the benchmark, the maximum potential size of the firm, that is, the sum of employ-
ment and vacancies, was set to 100. Results reported in Section F.3 of the Supplemental
Material suggest that the quantitative performance of the method does not worsen sub-
stantially if we instead restrict the maximum potential firm size to 20 workers. In partic-
ular, we find that the median correlation between the true and the estimated production
function is 0�9962, the correlation between firm and worker ranking is very well recovered,
and so are the estimated gains from eliminating search frictions.

4.7.3. Match Quality

The Monte Carlo experiments reported above illustrate that our implementation strat-
egy can successfully overcome the effects of measurement error in wages. Another poten-
tial source of noise in identification is idiosyncratic match productivity. When a worker
of type x and a firm of type y meet, they draw, before deciding whether to produce
together, a random productivity realization z from a distribution Γ , so that production
equals f (x� y)+ z for the duration of the match.

Thus, there are now two sources of match-specific productivity. The first depends on
the fixed types x and y and the second one is z. Although z is a random draw from a
distribution that is independent of either x or y , the accepted value of z depends on the
worker and firm types. As a result, a worker and a firm either do not produce at all or they
start producing for all realizations of match quality above some threshold level z(x� y).

Using this model, we repeat the Monte Carlo study with the same parameterizations.
The choice of the offer distribution of match quality Γ is made consistent with the find-
ings in Low, Meghir, and Pistaferri (2010). These authors found that the variance of the
offer distribution for match quality Γ is about 0�22 of the variance of overall wages, where
observables are removed. As we have an equilibrium model where the wage of a worker is
determined endogenously given the production function, the “offer” distribution for out-
put z is exogenous and not the offer distribution for wages as in the partial equilibrium
model in Low, Meghir, and Pistaferri (2010). In particular, changes in z in the production
function do not necessarily translate one-to-one into wage changes. We therefore pick
the distribution Γ such that the endogenous wage offer distribution in the model has the
same variance as the exogenous wage offer distribution in Low, Meghir, and Pistaferri
(2010). The resulting median variance of Γ relative to the variance of wages in the model
equals 0�2085. Similarly, we use the estimates in Low, Meghir, and Pistaferri (2010) to
set the variance of measurement error relative to the variance of wages to 0�027. Thus,
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our identification methodology is potentially complicated due to two sources of noise: id-
iosyncratic match productivity and measurement error. In Section F.4 of the Supplemental
Material, we report that this is not quantitatively important, however, by conducting the
same experiments as in the benchmark and using the same implementation strategy. We
find that the median correlation between the true and the estimated production function
is 0�9961, the correlation between firm and worker ranking is very well recovered, and so
are the estimated gains from eliminating search frictions.

We should point out that adding match productivity allows for an easy extension of our
methodology which renders it more powerful. As the support of the distribution of z is
very wide, there exist values of z that induce a match between many worker types and
many firm types. For example, we find that a match between a worker of type x and a firm
of type y that would not form for low realizations of match-specific productivity, will form
if the realization of z is sufficiently high. This implies that for each firm where some z’s
but not all are accepted by a worker of type x, the lowest wage paid by this firm to this
worker is the reservation wage of this worker. Given the wide support of z, we find that
for the majority of firms, the lowest wage paid is the reservation wage. Clearly, this makes
the estimation of the reservation wage much more precise.27

5. IDENTIFICATION: DATA

In this section, we apply our methodology to a German matched employer–employee
data set to identify all features of the model, in particular the ranking of workers, the
ranking of firms, and the production function. A key feature of the data is a substan-
tial movement of workers between jobs without intervening unemployment spells. We
therefore first extend the basic model to include on-the-job search and then show that
the identification and implementation methodology extends from the basic model to the
model with on-the-job search.

5.1. Model and Identification With On-the-Job Search

An unemployed worker makes a take-it-or-leave-it offer to a firm and thus extracts the
full surplus.28 As in Postel-Vinay and Robin (2002) and Cahuc, Postel-Vinay, and Robin
(2006), when a worker employed at some firm ỹ meets a firm y which generates higher
surplus, the two firms engage in Bertrand competition such that the worker moves to firm
y and obtains the full surplus generated with firm ỹ . Small costs of writing an offer prevent
firms y which generate lower surplus than the current firm ỹ from engaging in Bertrand
competition. The remaining details of the model description are relegated to Section D
of the Supplemental Material.

We now show that all the theoretical results which established identification in the
benchmark model continue to hold in our model with on-the-search and establish identi-
fication in this model as well.

27We thank an anonymous referee for drawing our attention to this improvement of our methodology. One
can use this insight to also recover the threshold acceptance level ẑ(x� y) and thus also decompose the output
of a pair (x� y) into f (x� y) and the contribution from match quality.

28This assumption is special but, as we will see below, the model based on this assumption provides a very
tight fit to the data. Alternative assumptions may break some of the monotonicity properties on which our
identification strategy relies. Establishing identification of a more general model of on-the-job search is a
promising avenue for future research.
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Ranking Workers

The following result establishes that wages within a firm rank workers hired out of
unemployment.

RESULT 5: Within a firm, wages of workers hired from unemployment are increasing in
worker type.

We can therefore use the same algorithm as in the benchmark model with the restriction
that it is applied to workers hired out of unemployment only. This reduces the number
of usable observations relative to the benchmark model, but we show in Section D of the
Supplemental Material that this reduction does not significantly worsen the performance
of our methodology.

Ranking Firms

To rank firms, we derived a statistic—the value of vacancy—which is monotonically
increasing in firm type y and which can be expressed as a function of wages observed in
the data. The same result holds in the model with on-the-job search:

RESULT 6: The value of a vacancy Vv(y) is increasing in firm type y and can be expressed
as a function of wages.

We can therefore again use observable wages to rank firms in terms of their productiv-
ity. The actual statistic is slightly different from the one in the benchmark model, but it is
even easier to implement as it does not involve estimating workers’ reservation wages.

Measuring Output f (x� y)

Finally, we can also recover the output of every match from inverting the wage equation,
which relates output to observable variables.

RESULT 7: The wage equation can be inverted so that output can be expressed in terms of
observables.

5.2. Data Description

Our empirical analysis uses the model with on-the-job search and is based on the Ger-
man LIAB data set, which is the primary source of data used in the research on the contri-
bution of worker and firm effects to wage dispersion in Germany, for example, Dustman,
Ludsteck, and Schönberg (2009). These data, spanning the 1993–2007 period, represent
the linked employer–employee data set of the Institute for Employment Research (Insti-
tut für Arbeitsmarkt- und Berufsforschung, IAB). The LIAB combines the Employment
Statistics of the German Federal Employment Agency (Bundesagentur für Arbeit) with
establishment level data from the IAB Establishment Panel. For detailed information on
the LIAB, see Alda, Bender, and Gartner (2005).

We follow Card, Heining, and Kline (2013) in selecting the sample and in construct-
ing the residual wages which form the basis of the analysis in both papers. The only ad-
justments we make are due to the fact that, in the data we have access to, all workers
employed at the establishments from the representative IAB Establishment Panel can be
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FIGURE 6.—Estimated match density.

observed, while we do not necessarily observe all workers employed in other establish-
ments. Card, Heining, and Kline (2013) had access to the universe of workers and estab-
lishments. This does not limit our analysis as LIAB provides us with complete continuous
(up to a day) earnings and employment histories of workers who worked in the establish-
ments from the Establishment Panel for at least one day (even when these workers are
employed in other establishments). One potential advantage of using the LIAB is that
it contains information on vacancies at the establishment level which are not available
for firms outside the Establishment Panel. Descriptive statistics and additional details are
provided in Section E of the Supplemental Material.

5.3. Empirical Results

5.3.1. Sign and Strength of Sorting

In Figure 6, we plot the match density estimated by applying our methodology to the
data. Table III provides the implied correlation between the identified worker and firm
ranks. The table also provides the correlation implied by the methodology of Abowd,
Kramarz, and Margolis (1999) estimated using the exact least squares formulas provided
by Abowd, Creecy, and Kramarz (2002).

TABLE III

SIGN AND STRENGTH OF SORTING

HLM AKM

Corr(W-rank�F-rank) 0.7547 0.055
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Our identification strategy reveals a very high degree of sorting. The correlation be-
tween worker and firm ranks is positive. The correlation obtained using the AKM
methodology is very close to zero. Our AKM estimate is similar to that obtained by
Andrews, Gill, Schank, and Upward (2008), who also used the LIAB data. Moreover, a
positive sign of sorting (despite the negative AKM estimate) was recently found by Bagger
and Lentz (2014), who used a different model of sorting from the one in this paper. This
was also confirmed by Bartolucci and Devicienti (2013), although the theoretical basis for
their empirical measures of sorting is not clear.

The strength of sorting implied by our estimate is also remarkably high. The correlation
between worker and firm ranks of 0.7547 is much larger than the estimate obtained using
the model in Bagger and Lentz (2014) in Danish data. Lopes de Melo (2013) proposed
measuring the strength of sorting through the correlation of the wage with the wages of
coworkers. We find the value of this correlation to be 0�556. This measure is somewhat
difficult to interpret, but the fact that it is slightly higher than the range of estimate for
other countries reported in Lopes de Melo (2013) seems suggestive.

One might expect the strong positive sorting to be indicative of a (log) supermodular
production function. Such a conjecture would be premature, however, as we now illus-
trate.

5.3.2. Measuring f (x� y)

In Figure 7, we plot the estimated production functions presented without any smooth-
ing or filtering. The estimated production function is increasing in worker and firm types.
The substantial increase with firm type is due, in part, to a strongly increasing value of the
vacancy (see (A.37) in the Supplemental Material), plotted in Figure 8(a). Applying the
Hall and Heckman (2000) monotonicity test, we confirm that the value of the vacancy is
monotonically increasing at any conventional significance level. The substantial variation
in the value of a vacancy across firms implies that firms cannot easily scale up production.
In particular, this finding is inconsistent with models in which firms face a constant cost
of vacancy and scale up production until the value of the vacancy is driven down to zero

FIGURE 7.—Estimated production function.
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FIGURE 8.—Features of the estimated production function.

at the individual firm level.29 In addition, the large systematic variation in the value of
the vacancy implies that the variance of output is substantially higher than the variance of
wages.

The cross-partial derivative of the production function is plotted in Figure 8(b).30 We
observe that the sign of the cross-partial is not the same everywhere.

5.3.3. Fit of the Model

An in-depth analysis of the ability of our model with on-the-job-search to fit various
dimensions of the data was undertaken by Kantenga and Law (2015).31 We now summa-
rize the relevant findings. Kantenga and Law (2015) first estimated all the parameters
of the model, including the production function, using our methodology. Then they sim-
ulated the model economy with the estimated production function and asked whether
it reproduces the matching sets and wages observed in the data. There is nothing in our
methodology that would guarantee a good match if either the model is misspecified or the
implementation strategy is not recovering the correct objects. Moreover, the estimation
of the model with on-the-job search is based on wages of those hired from unemployment
only, while the fit of the model is assessed through all wages and job transitions.

The results are as follows. First, the endogenously generated matching set in the model
replicates the one in the data nearly exactly. Second, the model fits wages well. Consider-
ing the fit to individual-level wages, the R2 is 0.92. For comparison, the R2 obtained when
implementing a much more flexible reduced-form AKM regression with fixed effects for

29Of course, such models would also not generate the strong worker-firm sorting that we and others docu-
ment in the data.

30The cross-partial is quite volatile. To make the figure easier to interpret, we very slightly smooth the pro-
duction function prior to computing the cross-partial using local quadratic least squares regressions (LOESS)
with a narrow bandwidth of 0.05. In Monte Carlo simulations reported above, this bandwidth is sufficient to
accurately recover the sign of the cross-partial everywhere. Even using a much higher bandwidth does not
generate the cross-partial with a constant sign.

31They also used the LIAB data, although a different sample.
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each worker and firm is 0�94. Given this fit, it is perhaps not surprising that estimating
an AKM regression on predicted wages yields very similar estimates of the variance and
covariances of worker and firm effects to those obtained when estimating the same regres-
sion on raw wage data.32 Third, a direct test rejects the linearity of log wages in worker
and firm effects in the data, while the nonlinearity implied by our model is consistent with
the data. Finally, even the patterns of job-to-job flows are replicated very well, resulting
in a very good fit to the match density. Overall, these results lead us to conclude that our
parsimonious structural model with its specific assumptions provides a very good fit to the
data.

5.3.4. Measuring the Effect of Search Frictions on Output

Having obtained the nonparametric estimate of the production function and of the
rankings of workers and firms, we can assess the magnitude of output losses due to mis-
match between workers and firms. We use the same methodology as presented in the im-
plementation section. In particular, we derive the (counterfactual) allocation in a world
without frictions using the same one-to-one assignment algorithm. We find that the out-
put loss due to misallocation, that is, the difference between the expected output without
frictions and the expected output with frictions, equals 1�83% in the data. This is the ef-
fect from the optimal reassignment of workers employed in the economy with frictions
(i.e., we keep the employment of each worker type fixed at its level in the economy with
frictions). If we also eliminate frictional unemployment, the output gain is 8�47%, an in-
crease smaller than the increase in the number of employed because unemployment and
vacancies are concentrated among low productivity workers and firms, respectively.

Interestingly, forcing the matching to be on the main diagonal (i.e., matching the best
worker to the best job, second best worker to the second best job, etc.) implies a 0�23%
decline in output relative to the observed frictional allocation. This illustrates the dan-
ger of the common parametric assumption that high positive correlation between worker
and firm types must be associated with a globally supermodular production function. In
other words, our results indicate that overall positive sorting is generated by the produc-
tion function with substantial local fluctuations in the cross-partial. Workers in the data
exploit this local curvature relatively well, so that the optimal assignment does not de-
viate dramatically from the observed one and the associated output gains are relatively
small. But it is important to take this curvature into account. The common but erroneous
assumption that on average positive sorting should imply a globally supermodular produc-
tion function with the output maximizing assignment on the main diagonal would lead to
misleading conclusions. This illustrates the importance of the nonparametric identifica-
tion of the production function proposed in this paper.

32Importantly, this experiment replaces raw wages with wages predicted by our model but holds constant the
observed transitions of workers across firms. Andrews, Gill, Schank, and Upward (2008, 2012) have pointed
out a potentially important limited mobility bias in AKM regressions arising because many firms have only a
few movers, whose wage observations are used to identify the firm effect. They argued that this likely leads
to an overestimation of the variance of firm effects and underestimation of the correlation between worker
and firm effects. Using our estimated model to eliminate this bias reveals that, in our sample, the bias is
quite small for the correlation but is severe for the variance of firm effects, which drops from around 20%
of overall wage variance to only about 1% (with a similar corresponding increase in the variance of worker
effects). Bonhomme, Lamadon, and Manresa (2015) reported qualitatively similar findings using the data from
Sweden. Of course, these experiments do not eliminate the biases due to the fundamental misspecification of
AKM regression implied by our theory.
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6. CONCLUSION

In this paper, we have developed an empirical methodology that allows to study as-
sortative matching between employers and employees based on their unobserved (to
economists) characteristics. In particular, we have shown theoretically that all parameters
of the classic Becker model of sorting based on absolute advantage with search frictions,
as analyzed in Shimer and Smith (2000), can be identified using only matched employer–
employee data on wages and labor market transitions. For example, these data are suffi-
cient to assess whether matching between workers and firms is assortative, whether sort-
ing is positive or negative, and to measure the potential effect on output from moving
any given worker to any given employer in the economy. We have also provided computa-
tional algorithms that allow to implement our identification strategy given the limitations
(on sample size, frequency of labor market transitions, measurement error, etc.) of the
commonly used matched employer–employee data sets, and found that they perform well
in a Monte Carlo study. Next, we introduced on-the-job search into the model and proved
that our identification and implementation strategies extend to this environment. Finally,
we estimated the model with on-the-job search using a matched employer–employee data
set from Germany.

Our theoretical analysis was based on relatively simple versions of the model which
allowed us to obtain clear and transparent results. Nevertheless, we expect that the four
key insights listed below will be of substantial practical importance for empirical research
going forward. Each individual insight may or may not apply to every empirically relevant
model. But we do expect the combinations of these insights to be at the foundation of a
nonparametric identification and estimation strategy for the models in this class. These
insights are:

(i) Within- and between-firm wage comparisons contain an extraordinary amount of
information that can be exploited to identify relative worker productivities. Advances in
algorithm research allow a number of approaches to extract this information. We exploit
the one (rank aggregation) that applies to the models we consider. Other models may call
for other methods, but they are readily available. We do not expect the ranking of workers
based on, say, lowest or highest wages to achieve similar precision.

(ii) Firms can be ranked based on the value of the vacancy. This clearly will not be true
in every model, but we do expect this to be true in most empirically relevant models. One
piece of evidence for this is the empirical results in this paper. We very strongly reject
the hypothesis that the value of the vacancy is constant (e.g., zero). Our measurement
strategy is not biased towards finding this answer.

(iii) Wage or surplus equations can be inverted for output. Not every model will permit
such an inversion, but many will. Once we know how to measure the value of unemploy-
ment and the value of the vacancy (even if it is zero), nonparametric identification of the
production function immediately follows. We expect this to form the basis of any attempt
at nonparametric identification of the production function.

(iv) The crucial element of our proposed implementation strategy that leads to very
precise estimates is binning of workers and firms. Given the limited time dimension of
any possible data, exploiting the cross-sectional variation will likely be the cornerstone of
any future attempt at nonparametric estimation.

There are numerous important positive and normative questions that can be answered
once the nonparametric identification of this class of models is established, in particular
of the production function and of the rankings of workers and firms. For example, as we
have shown, without any additional assumptions we can compute the optimal assignment
of workers to jobs on the set where match productivity can be measured. A comparison
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between the optimal assignment and the observed one reveals the extent of the output
loss due to search frictions. A similar approach can be used to separately measure the
extent of changes in technology and sorting frictions over time (e.g., to understand the
reasons for the substantial rise in the college premium in the United States in the 1980s)
and across, say, countries. The ability to separately identify changes in technology from
changes in mismatch seems essential for understanding the effects of changes in many
economic policies, for example, trade liberalizations. We can also determine the impor-
tance of complementarities in production and measure the role of frictions and sorting
in determining the dispersion of output and productivity across establishments. It is also
possible to measure the extent to which sorting on unobservables can account for wage
differences across groups of employers (large or small, exporters and no-exporters, be-
longing to different industries, located in different geographic regions, etc.). Turning to
wage dispersion, an application of our method allows to decompose wages into compo-
nents due to workers, firms, and the assortative matching between them as well as to
estimate the role of search frictions and sorting in driving the observed wage dispersion.
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